When deploying large antenna arrays in arctic environments, a local measurement system may be necessary in order to ensure control over the position and phase of the individual antenna elements. In this paper, a method of estimating the position and phase of each individual antenna element in the presence of mutual coupling is presented. It uses both measurements of the scattering matrix in the array and measurements of the electric field using a minimum of four probes located in the near field of the array. Simulations show that the method gives accurate results even in the presence of noise in the measurements. The geometry of the probe-array system affects the performance significantly.
Introduction
In large antenna arrays it is important to know both the position and the active far-field radiation pattern of each antenna element. This is particularly the case in applications where knowledge about the gain and beam pointing direction is needed in absolute numbers, such as in multistatic radar systems. In the absence of coupling, the complex far-field radiation pattern can be estimated using the equivalent electric current method [1] . In many cases the mutual coupling between elements will distort the behavior of the individual elements. Also, the position of the antenna elements might not be constant over time. In this paper, a measurement system capable of determining the both the position and complex gain of the individual antenna elements in a physically and electrically large antenna array in the presence of mutual coupling is presented.
All large antenna arrays will thus be subject to significant random variations in the antenna elements' position and limited phase accuracy, which will affect the far field of the antenna array after beamforming if not taken into account. This was analyzed for an array with known position of the elements but a phase and amplitude error on each element [2] and for an array with both position and amplitude and phase errors on the elements [3] . In [4] , the effect of random errors on the sidelobe level of a two-dimensional scanning array was investigated. There, analyses showed that the amplitude of the main beam decreased and that the sidelobe level increased when random errors were introduced. To obtain maximum performance, it is therefore important to be able to estimate the radiation properties of each antenna element.
The antenna array system considered in this paper is the planned EISCAT 3D incoherent scatter radar [5] . This system will consist of several sites with a baseline of 90-280 km. Each site will host an antenna array with up to 16000 antenna elements operating in the 210-240 MHz frequency band. Since the system will be multistatic and each antenna array will have narrow beams, it is crucial to have accurate control over the pointing direction and shape of the beam from the array. It has been found that the maximum acceptable delay error between any two antenna elements is 160 ps [6] . This limit includes all errors such as jitter in the local oscillator and in the analog-to-digital converter (ADC), errors introduced in the clock distribution system, changes in the phase of the far-field pattern of the antenna elements, and changes in the physical position of the antenna elements. Furthermore, the array will operate 2 International Journal of Antennas and Propagation in remote, arctic, locations. This fact, in combination with the large physical size of the system, introduces some extra requirements on the system. (i) Any cables used in the system, for example, clock distribution, will be subject to large temperature variations. This will introduce additional, potentially unacceptable, errors in the timing of the individual front-ends. Several methods of mitigating this problem have been proposed, see for example, [7] .
(ii) The performance of the antenna elements might also degrade due to snowfall [8] . The measurement system presented in [1] is one means of mitigating these effects.
(iii) In the area where the antenna array will be located the ground will freeze every winter. This might induce ground movements which means that the position of the antenna elements might not be constant.
It is therefore important to have the capability of accurately measure the position of each antenna element.
(iv) The field of view of the array will be large (nearly hemispherical). It is therefore necessary to be able to estimate the performance of the array in all directions.
(v) Although the system is expected to operate continuously and thus requires continuous monitoring, the time scales relevant to the changes in performance are relatively slow, on the orders of minutes to years. The required update rate of the measurement system is therefore not likely a problem.
Several measurement methods capable of solving at least parts of the problems outlined above can be found in the literature. Traditionally, the performance of large aperture antennas is measured using radio sources such as quasars or distant galaxies [9] . The same approach has also been studied using satellite-based transmitter [10] . Although both of these methods are capable of accurately measuring both the beam shape and pointing direction they are limited in field view to essentially one direction at a given time. Several distant radio sources exist covering the entire sky, making the former approach more attractive. The signal strengths involved are however generally too weak to enable calibration of the individual antenna elements. The simplicity of the method makes it an attractive complement to a local measurement system.
In the planned antenna it will be possible to directly measure the scattering matrix of the array, which can be used to find the impedance and admittance matrices. This information has been used previously to estimate the active radiation pattern of the antenna elements, see for example, [11, 12] . In both these cases the position of the elements was assumed to be known. In the latter paper, a small number of calibration sources (9 calibration elements is sufficient for a 10000-element array) was used to estimate the coupling. In [13] a similar calibration scheme was presented intended for the Square Kilometer Array. This method made use of an initial offline calibration using far-field sources and an online calibration method based on a monitoring system proposed in [14] . A more recent paper present a method for estimation of the coupling matrix, the elements' radiation pattern and the phase center of the array [15] . This method uses only probes located in the far-field of the array. Thus far, no method have been presented which is capable of estimating both the active far-field radiation pattern and the phase centers of the antenna elements in an array subject to mutual coupling. The method proposed in the following sections fulfills this requirement using a minimum of four probes located in the near-field of the antenna array. The feasibility of the method is demonstrated using simulations in which the dilution of precision is used to assess the geometrical effects.
Measurement System
In order to determine the position and phase error of each individual antenna element in an array subject to coupling, the measurement procedure is divided into two parts. Firstly, the full scattering matrix is measured and secondly, the array is illuminated by at least four probes in order to obtain the position and phase of each element. These two measurements are described in the subsections below.
The Mutual Coupling between Antenna Elements.
The frequency domain behavior of any linear electric network can be described completely in terms of a matrix relating complementary quantities at all ports [16] . One such description is to express the voltages V at all ports terms of the currents flowing into all ports I as
where Z is the frequency-dependent impedance parameter matrix. Other representations include the admittance matrix
which relates short-circuit currents to applied voltages, and the scattering parameter matrix S which describes the network in terms of incident to and reflected/transmitted electrical waves of some characteristic impedance. The S matrix is related to the impedance parameter matrix Z of the same network as
where U is the identity matrix. For this paper, we assume that a scattering-parameter model of the interaction between all antennas within the array is measured by applying an electrical stimulus from a source of a suitable impedance (e.g., 50 Ω) at one antenna at a time, and observing both the reflected wave at the driven port and also the transmitted signals arriving at all other receivers of the arrays. It should be noted that errors in actual impedance of the receiver front-end or errors in the cable-lengths used between front-end and antenna can be calibrated out based on measurements on reference open/short/match elements at the time of installation. In Chapter 3 in [17] details about an architecture capable of performing these measurements is presented. Here it is assumed that the conditions stated in [18] are fulfilled. The method was also recently analyzed rigorously [19] .
The Electric Field Produced by an Antenna Array.
The radiation properties of an antenna is described using amplitude, phase, and polarization. In order to measure this a number of probes will be necessary. A comprehensive description of antenna measurement procedures can be found in [20] .
The current on an antenna located at a point r is proportional to the electric field E in the same point with an angular dependence G(− r) which yields
In this application, the main interest is in the position and time errors of the system. The relevant property to measured is therefore the phase of the far-field radiation pattern of the antenna elements. For these reasons it is crucial that the probe is well characterized in terms of position, phase, and polarization, that is, G and r are known with sufficient accuracy. In order to estimate the position and phase error of each antenna element at least four probes are needed. Furthermore, these probes needs to be well synchronized with each other.
The Complex Amplitude and Position
In this section the calculations associated with the electric field produced by the antenna array and the mutual coupling between the elements in the array are presented. In Section 3.1 both these are used to estimate the contribution of each antenna element to the complex field produced by the array and in Section 3.2 the phase of this contribution is compared with the expected value (i.e., the nominal geometric range between the probe and the antenna element). This relates directly to the geometric range and the position and phase error of each antenna element can then be estimated using trilateration in the same way as is done in, for example, GPS receivers.
The Electric Field.
The electric field E at a point r in the radiative near-field of an antenna consisting of a perfect electric conductor can be calculated using
with
where ω is the angular frequency, μ is the permeability of the medium, S is the surface of the antenna, J(r ) is the electric current at the point r on the antenna, and r = |r − r |.
In the far-field region, the magnetic vector potential A is approximated by
where
is the far field radiation pattern of the antenna and ψ is the angle between the vectors r and r . The current distribution can be expanded using basis functions according to
where α n are constants, f n (r ) are suitable basis functions, and N is the total number of basis functions. The electric field in (5) can then be written as
where φ is an unknown phase shift, r = (r − r )/r, and
If the antenna elements in the array are simple it will be sufficient to use one basis function only, for example, a sinusoid if half wave dipoles are used. In this case the parameter α n will be the current at the input port of the antenna. Then (10) reduces to
The current induced in the probe antenna p from antenna element q will thus be
where G q ( r pq ) is the far field radiation pattern of antenna element q in the direction towards the probe p and G p (− r pq ) is the far field radiation pattern of the probe p in the direction towards the antenna element q. For a set of measurements of different antenna elements in the array (13) can be written as
where I a is a row vector containing the measured currents at the probe for each measurement a,
and I aq is a matrix where each row defines the current distribution over the array for measurement a. This can now be related to the admittance matrix in (3) which yields
where Y qs is the admittance matrix of the array and V qa is the excitation of the array with each column containing the excitation for a particular measurement a. Although any type of excitation scheme could be used it is most convenient to excite the antenna elements one at a time with equal voltages. In this case the matrix V qa will be equal to the identity matrix. Due to reciprocity, this will also be the case if the probes are used in transmitting mode (even though different voltages will be seen at each element). In (16) , the unknown to be solved for is the term R pq which contains the information about the distance and electrical phase errors of each antenna element. This is given by
Inserting (3) into (17) then yields
The procedure outlined above is repeated for each probe in order to get a full set of measurements to be used when solving for the position of the antenna elements.
The Position Solution.
The present measurement system assumes that the AUT's approximate location r 0 and the nominal radiation pattern G 0 are known. Furthermore, it is assumed that the antenna elements are simple enough so that their individual radiation patterns only change by a complex constant (due to for example, a phase shift or displacement of the element). These assumptions enable solving for the free space path loss and phase offset, R pq , of the individual antenna elements as was shown in the previous subsection. To obtain the position and phase offset of the antenna elements the phase of R q must be studied. This can be written as
In the actual antenna array the approximate position will be known from the design of the array and the approximate clock error will be known from the clock distribution system. Thus (19) can be rewritten as
where r q,0 and φ q,0 is the approximate position and clock error, respectively, and δr q and δφ q are the errors. If at least four linearly independent measurements m are available (20) can be solved iteratively using the NewtonRaphson method. The procedure is well known from the satellite navigation community and a detailed derivation can be found in for example [21] . Thus, only the solution is presented here. The problem is solved iteratively and the solution can for this application be written as a system of linear equations as
where i is the iteration index,
where r q,0 and φ q,0 is the nominal position and phase offset, δr q,i and δφ q,i are the guesses of the errors in the nominal position and phase offset, ε mq is the measurement noise, and
is the estimated direction from the antenna element q towards the probe p. Since the errors δr q and δφ q will mainly be caused by relatively slow processes such as ground movement, temperature variations, and precipitation, these can safely be assumed to be smaller than a wavelength between each measurement epoch. Thus, no integer ambiguity need to be considered. There are several estimators that can be used to solve the system of equations in (21) . If the noise ε mq is white, Gaussian, with zero mean, the least square (LS) estimator will be a best linear unbiased estimator (BLUE), provided that the ε pq have equal variance for all probes. Then
The computed δr q,i+1 and δφ q,i+1 are used to update the r q,i and φ q,i as well as r qp,i . The procedure is then repeated until the solution converges.
The errors in the estimated position and phase of the antenna elements will, provided that the measurement errors are zero mean, also be zero mean. They will, however, have different variances in different directions and this will depend on the geometry of the probes. This is conveniently analyzed using the dilution of precision (DOP) which is given by the diagonal elements of
For a system where the position of the probes and the antenna element are defined in a local east-north-up coordinate system and the all measurements have equal variance σ, the overall quality of the LS solution is given by φ are the variances in the east, north, up, and phase coordinates, respectively. The term σ G /σ is called the geometric dilution of precision (GDOP) and will be used to assess the performance of the measurement system in the next section.
Results
In this section, the performance of the measurement method outlined above is assessed using simulations. The antenna array considered here is a 21 by 21 element array (a total of 441 elements). The elements are laid out in a square grid with a distance of one wavelength between each element. Each element is a point source with an omnidirectional radiation pattern. An operational frequency of 230 MHz is assumed and thus the side of the array is approximately 27 m long.
It is assumed that each antenna element in the array couple randomly to all other antenna elements in such a way that the current I pq in (14) is given by
where α i j is a symmetric matrix where the elements are complex, random, and gaussian distributed (with unit variance). The measurements are assumed to have a signal to noise ratio of 30 dB. This noise is assumed to add both to the measurements obtained by the probes and to the measurement of the coupling matrix. In this paper, the only assumptions made about the coupling is thus that it is not dominating the behavior of the antenna. Also, there are no assumption about what type of antenna other than that it can be described with only one basis function. It is assumed that the coupling exists and that it can be measured (with measurement uncertainty) but the coupling is not determined by electromagnetic simulations in this paper. This simplification was done in order to enable the large number of simulations needed in order to get statistically significant results.
Accuracy versus Dilution of Precision.
The dilution of precision assumes equal variance in all measurements. This might not be the case in this application since the distance between the antenna elements to the different probes varies with the position of the elements in the array. Also, the coupling might corrupt the measurement somewhat. The dilution of precision is here compared with the error in position and phase in order to validate the use of the dilution of precision as a measure of performance.
A total of 200 simulations was performed. The number of probes used varied between four and twelve (randomly) and the probes were located at random positions in a box with sides 50-by-50-by-25 meters. This was done in order to get a variety of DOPs for analysis.
In Figure 1 the error in the estimation of the position and phase of the antenna elements is shown versus the dilution of precision. The results for all antenna elements and all probe configurations are shown (a total of 88200 data points). The red line in the figure is a smoothed curve using a 500-point moving average. It can be seen that the average error is proportional to the DOP, at least for the lower values of DOP. For an actual implementation, a DOP of less than 10 should be expected. (20, −20) , and (20, 20) . The probes are at height 5 m and 30 m above the ground. The layout of the antenna array and the probes is shown in Figure 2 .
Sample Measurement
The GDOP of the measurement system is shown in Figure 3 for different locations in the array. It can be seen that, for this particular geometry, the performance is slightly reduced towards the edges of the array. This is expected since the probes will be more evenly spread out around elements in the center of the array, and thus the columns of A q,i in (21) will be closer to orthogonal here.
Since measurement uncertainty due to noise in the received signals add both to the probe measurements and the measurement of the coupling matrix, it is relevant to do a statistical evaluation of the performance. The results are shown in Figure 4 . A total of 200 simulations were performed. The errors in all the antenna elements are shown in the same figure even though these errors can be expected to have slightly different distributions due to the fact that the DOP changes over the array as seen in Figure 3 . The electrical phase offset of the antenna elements shown in the lower right plot in Figure 4 are expressed in meters to enable a comparison between the errors in the different directions. An error of 0.01 m corresponds to a phase error of approximately 3
• . All errors have a mean of nearly 0. The standard deviations are for the errors in the east and north directions 2.3 mm, for the up direction 5.3 mm, and for the phase offset 2.4 mm. The performance is thus significantly poorer in the up-directions compared to the other directions. This is due to the fact that the probes are all located in one hemisphere.
Discussion and Conclusions
A measurement system capable of estimating both the position and phase of the antenna elements in the presence of mutual coupling has been presented. The system requires measurements of the full-coupling matrix and electric field measurements from at least four probes. The method has been demonstrated using simulations of a dipole array with random coupling between the elements.
The measurement method discussed here is mainly relevant for antenna arrays which are both electrically and physically large. This is due to the fact that smaller array are not affected to the same extent by temperature and precipitation related factors, which are expected to be a major error source in the EISCAT 3D system.
In this paper, a number of simplifying assumptions have been made. Although the feasibility of the measurement method has been demonstrated, further studies are needed before the method can be implemented in an actual system. The main question remaining is how the method works with realistic antennas and all imperfections, such as a poorly conducting ground plane and multipath effects. More rigorous simulations and measurements will be needed in order to test these issues. Also, the method here assumes simple antenna elements which can be described using only one basis function. More complex antenna elements will in general require a larger number of probes. How to make these adjustments are clear areas which require further studies.
